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Navier-Stokes equation

Let VIIA) be the velocity field and pla, u be the pressure. Then

Non-linea

-UD-Xp sources-
yu =

07
R3- > E= (, 4,

2) : E= (1 , 42
,43) Divergence free

= (74172
,7) Incompressible fluid.

constant density and volume under

pressure -

In R3
;

there is no existence and uniqueness of the solution-
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Ordinary Differential Equations

=- y

dy = x-ya,
yaz
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Theorem
Suppose

D = {(t, y) : a ≤ t ≤ b, −∞ < y < ∞},

and let f(t, y) be continuous on D. If f satisfies a Lipschitz condition in y
on D, then the initial value problem has a unique solution y(t) for
a ≤ t ≤ b.
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= flut,y a== b.

~

Initial value problem (IVP) -,
Boundary value prob

(BUP)
·

(Later).

Lipschitz : Those exists a ↳30 not

-

Ifld (1) -fluY1 < LlyiYal
,
F(,Y) ,

I,Y2) ED
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flay ,
atb; ya

Itab as an both
ylal= d

[ab] + Etilo et to= as An= b : Stil- mish/gridpoint

We assume that the mush points are divided uniformly or equally ,

ti = a+in i= 0, ... n

Ch= b-g =Aix-Ai
Th

↓
Step size .
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↑ Yj= X

Y,= % def =fly
f(to,

Yo -t ,si
yz

= 3

--- "h
S I I is 7

Yn= ?to Al

Y Eules method

Y ,-Yo= fluyo) (a,
-+b) y= Yot hf(t0, y0) .

Mathematically
-

y= y(t0 +h) =y(to) +hy +O& Same

Y, = Yo +chflto, yo) +OC")
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y= Ythflti) You:0. .... n-

W

90= 2

Example : y = dest-2y
,

Oct21
, y10o

=0.5 : Yo ,
Y,,2 : A = 0 .5

, tr= 1

Yo=0

Y= Yo + hflto, yo) = 0 + 0 . 5/10 , 0

= 0 . 5 [oe"2x0] = 0

yz= y 1
+ hf (t

,y,) = 0 + 0.5 [f (0 ·5 ,
07]

= 0 . 5 [0 .59"5-07 = 1 . 12042.
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Theorem
Suppose that f is continuous and satisfies a Lipschitz condition in y with Lipschitz constant L on the set

D = {(t, y) : a ≤ t ≤ b, −∞ < y < ∞}.

Assume further that the exact solution y(t) of the initial value problem

y′(t) = f(t, y), a ≤ t ≤ b, y(a) = α,

is twice continuously differentiable on [a, b], and that there exists a constant M > 0 such that

|y′′(t)| ≤ M for all t ∈ [a, b].

Let {yhi }
n
i=0 be the numerical approximations generated by Euler’s method with step size h = b−a

n and mesh points
ti = a + ih. Then, for each i = 0, 1, 2, . . . , n, the global error satisfies

|y(ti) − yhi | ≤
hM
2L

[
eL(ti−a) − 1

]
.
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h hx
=2

0-10. 01

0 . 01 12-4

i

15-6 le-12

G2 quadratilor

O-> OW) .

&
1y(ti) -yi) - Oth) ;
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y= y(t0 +h) =y(to) +hy +O

Defn : Local truncation error (LTE)

Y0: 2

Y it= Yi + ch(ti
·
Yi ,
h) fri= 0l ..., n-1

Enlar= fltiyi)Then LTE is

-

Zith) =3-(ithiish).

-Control

↓, don i= 0 . ..,n-.

- Remains same for high

Euler: Zi+(h) = By "(e) , Et(tY ,
Hi+1)Orde Taylor
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(i+1
= Y(ti+h)

= y (vi) +h-yyt
for Eit(ti,i+1) I

,
?

flui , yi)

=fltD;
Higher-order
-

Yo
= 2

Yin= Yi + hT()(Ai ,yi) forEs , ....n-

ThHi, yi) = flti , (i) +R(flyt-YI
,
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Example : y' = y- A+1
%

0 = +33
,

y100-5

f (t , y) = y- -+ 1

+(2+(3) flay)= (y- A+1
=y -2t = f(t,y) -2

nu = y-A+1 -27

T(2)

+(3)
=fly)(-E2=

= f(t,y)-24-z = y-A+1-27-7

= y- 2t- E- 1 .

T(tiyil) = flti,ye)+ulti, yi
= yi - ti + 1 +z(yi- xi+ 1 - 2+i) =
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Figure 1: Taylor methods of order 2 and 3.
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Theorem
If the Taylor method of order n is used to approximate the solution of

y′(t) = f(t, y(t)), a ≤ t ≤ b, y(a) = α,

with step size h, and if y ∈ Cn+1[a, b], then the local truncation error is
of orderO(hn).
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Theorem
Suppose that f(t, y) and all its partial derivatives of the order less than or equal to n + 1 are continuous on
D = {(t, y) : a ≤ t ≤ b, c ≤ y ≤ d} and let (t0, y0) ∈ D. For every (t, y) ∈ D there exist a ξ between t and t0 and µ
between y and y0 with

f(t, y) = Pn(t, y) + Rn(t, y),

where

Pn(t, y) = f(t0, y0) +

[
(t − t0)

∂f
∂t

(t0, y0) + (y − y0)
∂f
∂y

(t0, y0)
]

+

[
(t − t0)2

2

∂2f
∂t2

(t0, y0) + (t − t0)(y − y0)
∂2f
∂t∂y

(t0, y0) +
(y − y0)2

2

∂2f
∂y2

(t0, y0)

]

+ · · · +



 1

n!

n∑

j=0

nCj(t − t0)
n−j(y − y0)

j ∂nf
∂tn−j∂yj

(t0, y0)



 ,

and

Rn(t, y) =
1

(n + 1)!

n+1∑

j=0

n+1Cj(t − t0)
n+1−j(y − y0)

j ∂n+1f
∂tn+1−j∂yj

(ξ, µ).
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Taylor-method of order 2

+(2)(y, y)= f(x, y) +xf(x ,y)

We express filty) in terms ofAf(A+21
, Y +B) for some al

,
d

,
B.

St the boor is of order 2.

-
- (t,y)ft

f(t. y(ft)

=> TM (t, y) = (f(x ,y)+ [f(,] -Q

Taylor expansion ofaflu+21
, y+Bil

a ,f(t+d ,, y+pi = a . [f(x ,b) +a+ BRX Neglect
Remainder term2nd
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comparing D and ②

al = 1 : = Bify).

- ....m

2
Mid-point method,
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ti ti + h
2

ti+1

yhi

ỹhi+1

yhi+1

t

y

Midpoint Method

ti ti+1

yhi

yhi+1

yhi+1

t
y

Modified Euler Method

Geometrical view of the Midpoint and Modified Euler methods.
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