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Runge-Kutta (R1) methods : The idea is to use ID Taylor expansionof
-2 flut, y) to compute the decivatives

!



Runge Kutta Methods
Ordinary Differential Equations Multistep Methods Revisit Eigenvalue Problems

Abhinav Jha
MA 203, 13th April 2026

2
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Geometrical view of the Midpoint and Modified Euler methods.
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Example : Consider Y'= y - A+1 = ch= 0. 5
; yld= 0 . 5

,
012

:

#idpoint : Git = Yi +Afti , yil

Yit) = Yi +hf(+ i+b ,yi+1)

30 =0 -5
;

i= 0

J ,
= y0

+ 05f(to , y0) = 0 . 875

Y = Yo + hf (A0+ 05 , y , )= 1 . 40625

Then

Y2:
-52 and then yy
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Generalized RK-U method : With given Ji

Yo = 2

ki = y ;

k2 = yi + haz
,1 f(ti ,

ki)

kz = yi + has
,
1f(+i

, (1) +Naz
,2 f(ti + (h

,
kz)

i

Ku = Di +hau j fltih

Jir = bithbjflti+h
Butcher Table # : A:RK-matri

b : RK-weights
2 : RK-nodes-



Runge Kutta Methods
Ordinary Differential Equations Multistep Methods Revisit Eigenvalue Problems

Abhinav Jha
MA 203, 13th April 2026

5

I . R : Yit Yithflti, yi)+

2. Ris-2 : Ki=Yi
-

k= yi+ f(ti,
(i) 3 Mid-point 00

Titl = Yithf (i+> ,kr)

O
3. RK-3 :Here method
-

is4. RK-4)
-
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= 1 -Time marching

2. CiCit -> Improve the tangents being previous steps .

3. Ci=j - Time Fraction is evaluated by sum of weight of per slope

ExplicitRB

[ImplicitRis
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ti ν = 1 ν = 2 ν = 3 ν = 4

yh
i yi |yi − yh

i | yh
i yi |yi − yh

i | yh
i yi |yi − yh

i | yh
i yi |yi − yh

i |
0.00 0.50000 0.50000 0.00000 0.50000 0.50000 0.00000 0.50000 0.50000 0.00000 0.50000 0.50000 0.00000
0.20 0.80000 0.82930 0.02930 0.82800 0.82930 0.00130 0.82924 0.82930 0.00005 0.82929 0.82930 0.00001
0.40 1.15200 1.21409 0.06209 1.21136 1.21409 0.00273 1.21398 1.21409 0.00011 1.21408 1.21409 0.00001
0.60 1.55040 1.64894 0.09854 1.64466 1.64894 0.00428 1.64877 1.64894 0.00018 1.64892 1.64894 0.00002
0.80 1.98848 2.12723 0.13875 2.12128 2.12723 0.00595 2.12699 2.12723 0.00024 2.12720 2.12723 0.00003
1.00 2.45818 2.64086 0.18268 2.63317 2.64086 0.00769 2.64056 2.64086 0.00030 2.64082 2.64086 0.00004
1.20 2.94981 3.17994 0.23013 3.17046 3.17994 0.00948 3.17958 3.17994 0.00036 3.17989 3.17994 0.00005
1.40 3.45177 3.73240 0.28063 3.72117 3.73240 0.01123 3.73198 3.73240 0.00042 3.73234 3.73240 0.00006
1.60 3.95013 4.28348 0.33336 4.27062 4.28348 0.01286 4.28302 4.28348 0.00046 4.28341 4.28348 0.00007
1.80 4.42815 4.81518 0.38702 4.80096 4.81518 0.01422 4.81470 4.81518 0.00048 4.81509 4.81518 0.00009
2.00 4.86579 5.30547 0.43969 5.29037 5.30547 0.01510 5.30501 5.30547 0.00047 5.30536 5.30547 0.00011

Table 1: Comparison of computed values yh
i and exact values yi for different ν.
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y = y- -+1 .

which RK-method is best? RKL
Evaluation at time Step Erron

-> 2 42

n33 & 44 Best!
-

517 nn-1

81n19 nn-n-3

n>, 10
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* m-step linear multistep method is

y'(t) = f(t, y)

is defined by

g.; Yit-mtbiftimgit
for i = my , M

. ....-11 M72 : chi : Ea ,
Ebjy are constanta

yo =2
, Y= 21

...., Ym- 1
= Xm--

#

gitt = anyi + a , bir + 90binthbistiti , Sin,
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E : A=1: ]
max + x

x" = Ac-/]j]=+ max +-

R,) - He denominatora

-
Normalization :Ri
- X+ Denominator has no x faa
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