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CPDE)

PDE is a multivariable function with one of more of its partial
derivatives-

Ut Unknown ; y(th)

M: L tR;
LER9

,
d,2 -y -

d=2; R,
(x,y) + Uk(y) isthe

-d= 3 ; R3,
(4, % ,2) + Uk,y ,

2) w+0

Partial Derivatives:Derivatives yhimy

P.Derivative;I

liny)
- u(,y). =lim-UI

Gradient: Du := :Divergence,

(we(Vectors
,

not Salar.a
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Higher-order P.
Different : same if his continuou

u= xi+xy+ y?

==
=2

Linear: 2order -PDED

*Um +Bray + Cuyy +DUn + Ely + Fu= G
,

where A
,
B, --

.

G are constants : Un=
2x2

Massification: Discriminants B2-4A)

*+ Buy + (y +Dx+Ey +F =G
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1 B2 4A)(0: Elliptic UDE &+ lowe2. B24A70 : Parabolic UDE

3. B4A7h0 : Hypetodic IDE I Heat equation in 2D

1 . Laplace equation /Poisson equation
UCtics, y)

- =f B=0 ; A=C= -1

B24AL = -440

92

2. Heat

equation"Spau =f :
Bo;C

↓ B4A)=0

Time

3. Wave guation
Ult.):f ;B

BE4AC 470
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Laplace /Poisson equation
;

D= D. X
-Auf in 2
=

where D=
u= g on 22+ Boundary.

&o -> Poissonaquation ↳Dirichlet BC.

f=0 -> Laplac equation. Inl= g on22
X 3 Inc= Dr. X

↳ Neumann BL -Mix : Robin BL X

↓ Electrical/Material : Electric potential inside capacitor.

2. Mechanical : Model incompressible flow.
3. Civil : Groundwater flow
4. Chemical: Poisson-Boltzmann vlutrostatics/Molecular dynamics-
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cass : - : Rectangular domain ,
(9,b)x( ,d) ER?

Boundary Condition: Dirichlet

do u= g d000 0 O

000000
O : Known; BL
O' Unknown C

n=9000 gu=g
JK

600 0 O E

300 1900
a b

Same way as BVP for ODE.

1. Grid or muh the domain :

hi c we have M points in both direction
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2.. xi = at ih ; yj = n + jk ; i
, j= 0

,
!
...., M

10 = a 30 = 1

xm= b YM = d

We head to solvs-() = fluy) in Ra

Unny)= gliny) on 22

u(th, y)= u(y) + hux(x, y)+ Ucx(x, y)+(y) + &ShY)

U(-h. 2): Uny) - hUcly)+ (y)-ly) + &ShP)

Un =Meth,y) -zul, y) + unzh, y) +0(h)
42

Similarly : Uyy =
U , yt)-Luky)+ Uk,y-1) +0(k)
-

12
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We compute the solution at (i
, j) -> Solve Poisson equation at Si

, j)
· (i

, j+ 1) at (i
, j)=> U(i

, Yj)

(iii) = U(i+yj) =Ulthyi)
-

(iii) Qij)H
, j)

(i
.j1) + Ukri

,Yjz) = uni
, yj(k)

· (i .j-1)

-z)(i
. j)

=f(,y)((i
, j)

Unij) =M-Zij +Uij +Oh

uyy((ii) =Hi-Lis+ijt +Oly

substitute :
- [iis Zuij tuiti+quiji] = fij +Q
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Drop OCh+12 to get numerical solution (i
,j)

·[i)Luijit+=
=> 2()(ij - [m(ix ,j +(i+, j)+ (2ij+ +(i

, j-)] = fi, j

t
...

M-

Five-point stencil

# i=1
: j=/

,
i= M

,
j= M-1

i=1 ; 2)+) vi -[ (42 + 80.5)+, it+1
.j-1)] = Ec . j

L

Known = at= a
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do u= g
O 000 O

000000
O : Known; BL
O' Unknown

n=9000 gu=g
JK

600 0 O E

300 000 Obu=g W
h

System of equation Au-b

At RSM-1)x (M-1)
:
EbER(M-1

&ecific case : f=O-Laplac equation ;
h=1 · (i

, j+ 1)

Oj-[it ,j +is]=0

(ii
, j) (i

, j) it , j)

-ij=[itj + Mi
. j 1] · (i .j-1)

-> Mean-value Property of Harmonic
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(a ,
b) x((,a) =10 , 1)x 10 , 1)

· (1 ,2)
-

& O A=b
10 , 1) (1 ,1) :2, 1)

↓
*(1 , %)

y= [44z . . . um-1]T

Mi= [Wi 4i .2 His ... is mif

(i , j)= ( , 1) + h=1=h

-W
90, 91 ,0

=> 44111 - 142,1 + 41 ,2)
=Er

,
h +90 , 1 +91 ,

0
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*-> Pentadiagonal system -> 5 diagonals

. O

O

O
* Etta(M-12x(M-1>[

-

I- Non zero entries ~ (M-1)
->

⑧ At Sparse matrix - large fration of
zero entries

Iterative solvers are attractive! as Matrix is sparse .

Finite Difference Methods forelliptic PDEs :

-> Convergenc, Consistency
,
Stability

u

-
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