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Theorem (Existence and Uniqueness of Fixed Points)

1 If g ∈ C[a, b] and

g(x) ∈ [a, b] ∀ x ∈ [a, b],

then g has at least one fixed point in [a, b].
2 If, in addition, g′(x) exists on (a, b) and there exists a constant 0 <

k < 1 such that
|g′(x)| ≤ k ∀ x ∈ (a, b),

then g has exactly one fixed point in [a, b].
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n pn (g1) pn (g2) pn (g3)
0 1.5 1.5 1.5
1 1.3733333333333333 ‐0.875 1.286953767623375
2 1.3652620148746266 6.732421875 1.4025408035395783
3 1.3652300139161466 ‐469.72001200169325 1.3454583740232942
4 1.3652300134140969 102754555.18738511 1.3751702528160383
5 1.3652300134140969 −1.0849338705317464× 1024 1.360094192761733
6 — 1.277055591444378× 1072 1.3678469675921328
7 — — 1.3638870038840212
8 — — 1.36591673339004
9 — — 1.364878217193677
10 — — 1.365410061169957

Table 1: Comparison of fixed‐point iterations for g1, g2, and g3.
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Theorem
Let g ∈ C[a, b] be such that

g(x) ∈ [a, b] ∀ x ∈ [a, b].

Suppose, in addition, that g′(x) exists on (a, b) and there exists a
constant 0 < k < 1 such that

|g′(x)| ≤ k ∀ x ∈ (a, b).

Then, for any initial guess p0 ∈ [a, b], the sequence defined by

pn = g(pn−1), n ≥ 1,

converges to the unique fixed point p ∈ [a, b].
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Corollary
If g(x) satisfies the hypotheses of Theorem 2, then the error in using pn
to approximate p satisfies

|pn − p| ≤ knmax{p0 − a, b− p0},

and
|pn − p| ≤ kn

1− k
|p1 − p0|, n ≥ 1.

Abhinav Jha
MA 203, 16th March 2026

6



Fixed Point Method
Open‐Domain Methods Error Analysis Summary

Abhinav Jha
MA 203, 16th March 2026

7

Consider 92k)) = 25-(3-417+10 and the interval [1 ,2]

Now: g2(1) = 6 : 92(2)= -1 .

So
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-
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Consider this as a fixed-point method
g(x) = x-()
f(x)

Example : f( =156 ; Po=11f(
=24

Iteration : 41=40 = 1-155-

Res: ol = 0 .714285

Iteration2 : P2=41 = 2. 607124
-

f'(P1)

Referra 20.342
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f(x) was a zero at p , then

flui= (2-pchin) for some hsu)& &

- ( has a double zero atp the
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Theorem (Convergence of Newton’s Method)
Let f ∈ C2[a, b]. Suppose that p ∈ (a, b) satisfies

f(p) = 0 and f′(p) &= 0.

Then there exists a δ > 0 such that Newton’s method generates a
sequence {pn}∞n=0 converging to p for any initial approximation

p0 ∈ [p− δ, p+ δ].

Abhinav Jha
MA 203, 16th March 2026

11

EPn]

-In



Newton Raphson Method
Open‐Domain Methods Error Analysis Summary

0 5 10 15 20 25 30
10−17

10−14

10−11

10−8

10−5

10−2

101

n

|p
n→

p n
−

1
|

|p
n|

Bisection Method
Regluar‐Falsi Method
Newton Method

Figure 1: Relative error of the bisection method, regular falsi method, and the
Newton method applied to f(x) = x2 − 6 on the interval [2, 4].
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Definition (Convergence of a Sequence)
A sequence {pn} is said to converge to a number p if for every ε > 0 there
exists an n0 ∈ N such that

|pn − p| < ε whenever n ≥ n0.

Definition (Order of Convergence)
Suppose {pn}∞n=0 is a sequence that converges to p, with pn &= p for all n.
If there exist positive constants λ and α such that

lim
n→∞

|pn+1 − p|
|pn − p|α = λ, (1)

then the sequence {pn} is said to converge to p with order α and
asymptotic error constant λ.
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Theorem
Let g ∈ C[a, b] be such that

g(x) ∈ [a, b] ∀ x ∈ [a, b].

Suppose, in addition, that g′ is continuous on (a, b) and there exists a
constant 0 < k < 1 such that

|g′(x)| ≤ k ∀ x ∈ (a, b).

If g′(p) &= 0, then for any p0 &= p in [a, b], the sequence

pn = g(pn−1), n ≥ 1,

converges linearly to the unique fixed point p in [a, b].

Abhinav Jha
MA 203, 16th March 2026

17

E
To get higher-order convergence, we needto allow I'CD=0

-



Error Analysis
Open‐Domain Methods Error Analysis Summary

Theorem
Let p be a solution of the equation x = g(x). Suppose that g′(p) = 0 and that g′′ is
continuous on an open interval I containing p, with

|g′′(x)| ≤ M ∀ x ∈ I.

Then there exists a δ > 0 such that, for any

p0 ∈ [p− δ, p+ δ],

the sequence defined by
pn = g(pn−1), n ≥ 1,

converges at least quadratically to p. Moreover, for sufficiently large n,

|pn+1 − p| ≤ M
2
|pn − p|2.
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The above two theorem states

Og(p) =P g'(p)= 0

As seen earlies
, g(= - Phf(is) where is differentiable

We require for quadratic convergence , I'l
=0

g (n)= 1 - PG)f(u) -D()f'()
at LFP: !g'(p) = 1- P'(p) f(x) -P(p)f'(P)

To
0 = 1- PLD)f(p) = P(4)= S(k)

This ensure g'LD=0 and hene quadratic convergence. Therefore we take

g(7=- En)
f()

as the fixed-point function.
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Bisection Method Newton Method
n Error Order α n Error Order α
0 5.103× 10→1 – 1 1.051× 100 –
1 4.995× 10→1 0.092 2 1.577× 10→1 −37.49

2 2.495× 10→1 2.000 3 4.767× 10→3 2.894

3 1.245× 10→1 1.501 4 4.629× 10→6 2.298

4 6.199× 10→2 1.335 5 4.374× 10→12 2.129

5 3.074× 10→2 1.252 6 0.000× 100 –
6 1.511× 10→2 1.204

7 7.302× 10→3 1.174

8 3.396× 10→3 1.156

9 1.443× 10→3 1.151

10 4.663× 10→4 1.173

Table 2: Observed order of convergence for the bisection and Newton methods.
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Bracketing : Bisection +1ords
,
Pot [a , b]

Regular-falsi Need starting interval/Bracket

Open-Domains: Fixed-points , Not require interval but Po
-

Newton

secant2 2nd-order

ErrorAnalysi : Order ofConvergence.


