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*=LU Where <= (M(n-+ x(n
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.. M(1)

Theorems:

Polittle ulimination can be performed without using now-pitis

then we can write A =LU

where L and Vars defined as early.

Remar : If has unit diagonal then it is Croat LV factorisation
-

Example :
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Q : A= LU
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Imp : det (A) = det (Lv) *A
= det (4) det(u)

= det (U)
* has Lu decompositio

,

then it is not unique
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Definition (Diagonally Dominant Matrix)
A matrix A = (aij) is said to be diagonally dominant if

|aii| →
n)

j=1
j!=i

|aij|, i = 1, 2, . . . , n.

If the inequality is strict for every i, then A is called strictly
diagonally dominant.
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Theorem
A strictly diagonally dominant matrix A is nonsingular. Moreover,
Gaussian elimination applied to a system Ax = b can be carried out
without row or column interchanges, and the computation is stable
with respect to the growth of round‐off errors.
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Definition (Positive Definite Matrix)
A matrix A is said to be positive definite if

x"Ax > 0 for all x "= 0.

If A is symmetric and positive definite, it is called a symmetric
positive definite (SPD) matrix.
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Example: Let A J :
An =[]+xtAc= xi-42

Let It= (1 ,7) :

ETA:
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Definition (Leading Principal Submatrix)
A leading principal submatrix of a matrix A is a matrix of the form

Ak =





a11 a12 · · · a1k
a21 a22 · · · a2k
...

... . . . ...
ak1 ak2 · · · akk




,

for some k = 1, 2, . . . , n.
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Theorem (Necessary and Sufficient Condition for SPD)
A symmetric matrix A is symmetric positive definite if and only if all its
leading principal submatrices have positive determinants.
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Example :

AJ
0 -12

A= [2]det 1AiDo

Az- det (A2) = 32

As=A; det(A3): 40 = A is upd
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Theorem
A symmetric matrix A is symmetric positive definite if and only if
Gaussian elimination without row interchanges can be applied to the
linear system Ax = b with all pivot elements positive. Moreover, in this
case, the computations are stable with respect to the growth of
round‐off errors.

Corollary (LDL" Factorisation)
A matrix A is symmetric positive definite if and only if it admits a
factorisation of the form A = LDL", where L is a unit lower triangular
matrix and D is a diagonal matrix with positive diagonal entries.
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Corollary
Let A be a symmetric matrix for which Gaussian elimination can be
applied without row interchanges. Then A admits a factorisation of the
form A = LDL", where L is a unit lower triangular matrix and D is a
diagonal matrix whose diagonal entries are the pivots
a(1)11 , a

(2)
22 , . . . , a

(n)
nn .
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Example

#AN A iO] D:a.]i
LDLT=On]

=

di dilz, dilzi
dis dai daz +di dzzlsatdidzisj ↓ I
disi dazlestdazils d,

+ dazlazdas



Cholesky Decomposition
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Corollary (Cholesky Decomposition)
A matrix A is symmetric positive definite if and only if it can be factored
in the form

A = LL",

where L is a lower triangular matrix with strictly positive diagonal
entries.
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Method Applicability Advantages computational
M/D Als

LU General square works for

matrix anything but-
needs pivoting

LDLT Symmetric MoreStabl+E Bmatrix

storage, No pivot

cholesky SPD Fastestand
most officient
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Definition
A vector norm on Rn is a function ‖ · ‖ : Rn → R satisfying the
following properties:
1 ‖x‖ → 0 for all x ∈ Rn.
2 ‖x‖ = 0 if and only if x = 0.
3 ‖αx‖ = |α| ‖x‖ for all α ∈ R and x ∈ Rn.
4 ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ Rn.
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Definition
The ε2 and ε∞ norms of a vector x = (x1, x2, . . . , xn) ∈ Rn are
defined as

‖x‖2 =
( n)

i=1

x2i

)1/2

, ‖x‖∞ = max
1≤i≤n

|xi|.

Definition
A sequence {x(k)}∞k=1 in Rn is said to converge to x with respect to
a norm ‖ · ‖ if for every ε > 0 there exists an integer N(ε) such that

‖x(k) − x‖ < ε for all k → N(ε).
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Theorem
If ‖ · ‖ is a vector norm on Rn, then

‖A‖ = max
‖x‖=1

‖Ax‖

defines a matrix norm.

Corollary
For any vector y "= 0, any matrix A, and any induced matrix norm ‖ · ‖,
we have

‖Ay‖ ≤ ‖A‖ ‖y‖.
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