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LU Decomposition

Matrix Factorisation
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LU Decomposition

Matrix Factorisation
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LU Decomposition

Matrix Factorisation
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LU Decomposition

Matrix Factorisation
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LU Decomposition

Matrix Factorisation
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LDL Decomposition

Matrix Factorisation

Definition (Diagonally Dominant Matrix)

A matrix A = (aj) is said to be diagonally dominant if

n
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If the inequality is strict for every i, then A is called strictly
diagonally dominant.
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LDL Decomposition

Matrix Factorisation

Theorem

A strictly diagonally dominant matrix A is nonsingular. Moreover,
Gaussian elimination applied to a system Ax = b can be carried out
without row or column interchanges, and the computation is stable
with respect to the growth of round-off errors.
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LDL Decomposition

Matrix Factorisation

Definition (Positive Definite Matrix)

A matrix A is said to be positive definite if
x"Ax >0 forallx # 0.

If A is symmetric and positive definite, it is called a symmetric
positive definite (SPD) matrix.
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LDL Decomposition

Matrix Factorisation

Definition (Leading Principal Submatrix)

A leading principal submatrix of a matrix A is a matrix of the form
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LDL Decomposition

Matrix Factorisation

Theorem (Necessary and Sufficient Condition for SPD)

A symmetric matrix A is symmetric positive definite if and only if all its
leading principal submatrices have positive determinants.

Abhinav Jha ) IT Gandhinagar
MA 203, 23" March 2026 MATHEMATICS




LDL Decomposition

Matrix Factorisation
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LDL Decomposition

Matrix Factorisation

Theorem

A symmetric matrix A is symmetric positive definite if and only if
Gaussian elimination without row interchanges can be applied to the
linear system Ax = b with all pivot elements positive. Moreover, in this
case, the computations are stable with respect to the growth of
round-off errors.

Corollary (LDL' Factorisation)

A matrix A is symmetric positive definite if and only if it admits a
factorisation of the form A = LDL", where L is a unit lower triangular
matrix and D is a diagonal matrix with positive diagonal entries.
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LDL Decomposition

Matrix Factorisation

Let A be a symmetric matrix for which Gaussian elimination can be
applied without row interchanges. Then A admits a factorisation of the
form A = LDL" , where L is a unit lower triangular matrix and D is a

diagonal matrix whose diagonal entries are the pivots

a;

Corollary
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LDL Decomposition

Matrix Factorisation
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Cholesky Decomposition

Matrix Factorisation

Corollary (Cholesky Decomposition)

A matrix A is symmetric positive definite if and only if it can be factored

in the form
A=1LL",

where L is a lower triangular matrix with strictly positive diagonal
entries.
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Cholesky Decomposition

Matrix Factorisation
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Computational Complexity

Matrix Factorisation
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[terative Methods

Iterative Methods

Definition

A vector norm on R" is a function || - || : R" — R satisfying the
following properties:

1 |[x|| > 0forallx € R".

2 ||x|| = 0if and only if x = 0.

3 |ax|| = |af||x|| for all « € R and x € R".
4 x4yl <|x| +|y| forallx,y € R".
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[terative Methods

Iterative Methods

The ¢5 and /., norms of a vector x = (x1,X2,...,Xn) € R" are
defined as
n 1/2
2
v — X X|loo = Max |x;|.
o= (AF) o o= max s
1=

Definition

A sequence {x(}> in R" is said to converge to x with respect to
anorm || - || if for every ¢ > 0 there exists an integer N(¢) such that

Ix® —x|| <& forallk > N(e).
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[terative Methods

Iterative Methods

If || - || is a vector norm on R", then

[A]l = max [|Ax||
[Ix]|=1
defines a matrix norm.

Corollary

For any vectory # 0, any matrix A, and any induced matrix norm || - ||,
we have

IAY[| < lIA[[ Iyl
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[terative Methods

Iterative Methods
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