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Definition: Let Abe a new matrix and let a be a scales. If the

Ax = XX ⑪
has a non-trivial solution

,

ive
, **O then X is an eigenvalue and

& is the eigenvector of A -

eg : : / 4] then X= -2 is an evalue

C = [I
,

3
, -4] is an evector

Remark : If (X.2) is an eigepair then (X, <2) is also an eigenpar
- 250 .

-> A(x() = (Ay = 2x\ = x(x)
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computation: A =X = All-X14=0 where I: Identity matrix
-

=> (A -XI) = 0

This has non-zero solution if det (A-XI)=0

det (A-XI) + Polynomial in X called as the characteristic polynomial.

Roots are the eigenvalu. Direct method.

Power method is used for maximum e-values

*sumptions : 1. There is an unique maximumvalue- i
.

e,

111 > /x2, IX3k , . . . .

# A has n-linearly independent eigenvectors .

Su"B ..., uC·
rt. Ay"XU fait ,-n

# Let*
,

then 21-i for scalen (i
, then

250 .
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Power Method : GivenEth
-

"= A

iteratively, 2
(2)

= x3(0) ,
. . .

., (11)
-

((r)= Ay()
= A(Ay(x)) = A((0)

Now : 2* u for citth as Gully are LI .

=i) as if l in evector so isill"

Applying AK. to both sides

*10)
=> 211-Au
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ull is an evector of A
.

ie
,
AnlXiqli) wi

=>Ag xiAu(i)
= xy(i)

i

↑ y(i)= Xy(
Substitute this11 A

==
Since | xik> Mil Fizz,

- - + ()to ask+o

Let= + ()
=>(((x) = xY(y()+g(p) -②
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Let 6:H be a linearfunction (functional:PAT)
↑ (a()+0

Then P(2) = P(X." (4"+344)

= X .

(1) [P(L") +P([(P)] as is lime
-

[p(au+y)=2P(x)+P(y)]

Define

-X
Let K+0, MK+ X1 . This is the Power method.

As K+ 0
,

then from Eac Kaligns with1with afacte ofX
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The issue happens if (1)> 1 on IX/1 . To solve this problem

↑44ill
-

for any norm 11.11 - but usually 11-110



Power Method
Eigenvalue Problems

Abhinav Jha
MA 203, 6th April 2026

7

#ample : A=

%65,
-> Iteration) : 2= A zo
-

=5 :E
P :Reth. PIT= 22 . Then

Mo==2
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Iteration 2 : Normalize 2"?
-

1I"Ilo = 6:
"
= F .5 , 55]

Then (2)= Az()

= E]
Heno

, R=
↓, we proceed in the same manner. until

((((*) - cy(k-/) <+ol -
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Remar : In practice
-

①(2)= <p ·
where up = llla

.

Rach : The convergence of power method rulies on

#i) wi=2..., n

Since (x1 > (x), (sl-- - >xnl ,
the

lock-xi1
- im conveys linly(b

2k

Examply : 71 .
-2

, -3) ,
this converges to +31

,
not -1.
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Iteration Eigenvalue x1 x2 x3 Error

0 6.0000 ‐0.91666667 ‐1.00000000 ‐0.91666667 1.0000

1 6.0000 ‐0.98611111 ‐1.00000000 ‐0.98611111 6.9444 × 10−2

2 6.0000 ‐0.99768519 ‐1.00000000 ‐0.99768519 1.1574 × 10−2

3 6.0000 ‐0.99961420 ‐1.00000000 ‐0.99961420 1.9290 × 10−3

4 6.0000 ‐0.99993570 ‐1.00000000 ‐0.99993570 3.2150 × 10−4

5 6.0000 ‐0.99998928 ‐1.00000000 ‐0.99998928 5.3584 × 10−5

6 6.0000 ‐0.99999821 ‐1.00000000 ‐0.99999821 8.9306 × 10−6

7 6.0000 ‐0.99999970 ‐1.00000000 ‐0.99999970 1.4884 × 10−6

8 6.0000 ‐0.99999995 ‐1.00000000 ‐0.99999995 2.4807 × 10−7

9 6.0000 ‐0.99999999 ‐1.00000000 ‐0.99999999 4.1345 × 10−8

10 6.0000 ‐1.00000000 ‐1.00000000 ‐1.00000000 6.8909 × 10−9

Table 1: Convergence history of the Power Method
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y()= (12
,
-1)
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Theorem
If λ is an eigenvalue of A and A is invertible, then λ−1 is an eigenvalue
of A−1.
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Proof:Let (X
,2) be an eigepain then

Aq= Xa
Since Ais investible - AAD = XA

=> A=* E (X
,2) is eigepaiofA
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Let eigenvales of A are paired by

(xil > (x1> · . ./Xn-11 > InLo

=> A has unique eigenvales of smallet order.

In In, 1 ...>, wil

Apply power method to A
;

then it computes Arl (max of Al

and here smallest for A

2
(k+ 1)

= *
+
(k)

,
KL, 0

computingA is inefficient and prome to erro
: there

Azy(k+1)
= ((()

.

-> LV decomposition of A and then solve it .
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(1PM)

#mpo :

A-[55]Liv:)25 - 1

The 14M
,

is implemented to (10)= 5-1
,

1
, 17

Acy(k+1)
= ((*) .

-> Iteration) :
- As=

=> Ly =x and U= Y
↓ ↓,

2= [-1
, 4/3 , 4/13] y()= =/ ,3

,
%]

not Phil = I : ve== =13.
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Iteration2 : Normalizel./
= F1 1

1
, 1]

-

Az(z) = 2)(

=> 2= Eliz · Azu ,
Fen] · : = 7/24 ·

Remak : Giz ,-by .

-
IPM 313 ·
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(SPM)

Suppose Evalu (AT= 96 ,
4 , 13

We want to compute evalue closest to 3 ,i%,
4

-> Let Xj be the evalue closest to M; if 7 eigenvaly

1x;-) > 3 for some 5

Conside, the matrix A-MT. If A has evale Exili then
--

A-MI has Ex-MJj

#: If Exis arevalu of A; then Ex[M] are signal of A-MI.

Sinc
, Xj-MF0. A-MI is invertible -

SPM is IPM applied to A-MI as it gives the small value
-

say Z
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=> z" = Xj -M

=> Xj = 2
"

+ is the evalu closest to M .

-> SVD- Singule Value Decomposition.


