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Model Problem

Model Problem

e Poisson-Boltzman (PB) Equation
v [g(x)vz;(x)} — 4r </)SOI(X) n /)iO”S(x)) in R3

o ’zﬁ?(x) : Electrostatic potential
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Model Problem

Model Problem

e Poisson-Boltzman (PB) Equation
v [g(x)vzﬁ(x)} — 4r <p5°'(x) n /)iO“S(x)) in R3
o 1)(x) : Electrostatic potential

o £(x) : Space-dependent dielectric permittivity
o p*!(x) : Solute charge distribution

M
P00 =D aid(x — x;)
i=1

— M : Number of solute atoms
— q; : Total charge on the it" atom
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Model Problem

Model Problem

o p°(x) : lonic charge distribution

IOI’]S

IOﬂS Z z e/\ C exp —Z,'e,r[]“)(X)

KgT

1Stein, Herbert, Head-Gordon: JCP, 151(22), 2019
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Model Problem

Model Problem

o p'°"(x) : lonic charge distribution

Nons —zjel)(x)
IOﬂS /\ I
Z zie\(X)c® exp TKeT
o For ionic solution?
p'°"(x) = —2ceA(x) sinh e (x)
KgT

— A(x) : lon-exclusion function

1Stein, Herbert, Head-Gordon: JCP, 151(22), 2019
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Model Problem

Model Problem

e For solution Poisson-Boltzman (PB) Equation

V. [g(x)v&(x)} + 8mecA(x) sinh <e’(<$)> — 47p°(x) in R3
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Model Problem

Model Problem

e For solution Poisson-Boltzman (PB) Equation

V. [g(x)v&(x)} + 8mecA(x) sinh <e’(<$)> — 47p°(x) in R3

e Dimensionless Poisson-Boltzman (PB) Equation

47

—V - [e(X)Vip(X)] + r2esA(x) sinh ((x)) = —p®!(x) in R3
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Model Problem

Model Problem

e For solution Poisson-Boltzman (PB) Equation

V. [g(x)v&(x)} + 8mecA(x) sinh <e’(<$)> — 47p°(x) in R3

e Dimensionless Poisson-Boltzman (PB) Equation

47

—V - [e(X)Vip(X)] + r2esA(x) sinh ((x)) = —p®!(x) in R3

o h(X) : P(X)
o k : Debye Hiickel Screening Constant
o : e/KBT
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Solute Cavity

Model Problem

Figure 1: Solute probes and solute-solvent boundary for a molecule
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Solute Cavity

Model Problem
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Permittivity and lon-Exclusion Function

Model Problem

e Dielectric Permittivity Function?

1 X € Qgs,
fsas—s(X) + rp
X) = 1 —1 T — el
(00 =4 1+ (e e (B0 T .
s else,

L Quan, Stamm: JCP, 322, 760-782, 2016
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Permittivity and lon-Exclusion Function

Model Problem

e Dielectric Permittivity Function?

1 X € Qgs,
fsas—s(X) + rp
x)=1<{ 1 ) (e TP €L,
(00 =4 1+ (e e (B0 T :
s else,
e lon-Exclusion Function
0 X e QSE575>
) it
AX) = f(fSAs s(X) + p> XE L.
ro+rp+a
1 else,

L Quan, Stamm: JCP, 322, 760-782, 2016
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Permittivity and lon-Exclusion Function

Model Problem

Linearity in Different Regions

T T T T T
e :C 1e :NCje :NC | € :C | e :C i
:«C 1A :CixNC A NC A C |
& |- i i ‘ — o1
| : / : :
| A | |
SES- ! Vo i i
= S | | | 5
T vty : : =
| It | | |
| a | | I
| /1 A 1 1
1 —— | Lo
! PNLODONL D NL !
Il L Il L L

n n+4+a n+rpn+rp+a

oRitri+rp+a+rg
o C: Constant, NC: Non-Constant
o L: Linear, NL: Non-Linear
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Problem Transformation

ddPB Method

e The PB equation can be written in two equations

—V - [e(X) VY (X)] + rZesA(x) sinh (¥(x)) = 4p°l(x)  in Q,

—AY(X) + K2p(X) = 0 in Q,
with
[4] = o,
[[8,11,,']] = 0 on I ::690,
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Problem Transformation

ddPB Method
e Using Potential Theory the final equations are
=V - [e(xX)Vr (x)] + ,‘{255/\<X\)./T (r + o) (Yr + o) (X)
=V -[(e(x) = 1) Vipy(x)] in Qg [GSP]
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Problem Transformation

ddPB Method
e Using Potential Theory the final equations are

=V - [e(xX)Vr (x)] + ,‘{255/\<X)./T (r + o) (Yr + o) (X)
=V - [(e(x) — 1) Vi) (x)] in Qo |GSP]

—Atpe(X) + *e(X) = 0 in Q9 [HSP]
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Problem Transformation

ddPB Method
e Using Potential Theory the final equations are

=V - [e(xX)Vr (x)] + ,‘{255/\<X)./T (r + o) (Yr + o) (X)
=V - [(e(x) — 1) Vi) (x)] in Qo |GSP]

—Atpe(X) + *e(X) = 0 in Q9 [HSP]
with
o +r =1e onT,
I"e — S/;Ue on P
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Problem Transformation

ddPB Method

e Using Potential Theory the final equations are
—V - [e(X) VU (X)] + K2esA(X)F (¢r + 00) (Ur + 100) (X)

with

where

=V [(e(x) =~ 1) Veo(x)]  inQ  [GSP|

_Alﬁ““/’e(X)—FHzl;i“)e(X) = 0 in Qo [HSP]

o+ 1y =1e onT,
e = S,.0¢ onl

o 1 : Reaction potential in

o Yo
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Problem Transformation

ddPB Method

o 1)e : Extended potential from Q€ to Q°

1Sauter, Schwab, Springer, Berlin-2011, 101-181
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Problem Transformation

ddPB Method

o 1 : Extended potential from Q¢ to Q°
inh(®
o F(P) = an)( )

1Sauter, Schwab, Springer, Berlin-2011, 101-181
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Problem Transformation

ddPB Method

e : Extended potential from QC to Q°
inh(®
o F(@) = SN®)

o oe : Charge density generating ¢ satisfying

Spoe(Xx) = / exp (—rilx :Y\) 7e(y) =1 VXeETl
Jr dmlx —y|

O

S,. : Invertible single-layer potential operator 1

@]

S.: HY2(I) = HY2(I)

1Sauter, Schwab, Springer, Berlin-2011, 101-181
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ddPB-Method

ddPB Method

[6nv] =0 Oc
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ddPB-Method

ddPB Method
[0n] = 0 ac
GSP on Qg “Ate + k2e = 0in Qo
tr + =gonTy e = gonTy
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ddPB-Method

ddPB Method

GSP on 92 — g5 (e tn (i) — " A+ K2 = 0in 04
r + =gonTy e = gonTy
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ddPB-Method

ddPB Method

[one] =0 ac

GSP on Qg — g S (Onthe — Bn (Yr + ) — " A + K200 = 0in Qo
Yr+ =gonTy e = gonTy

OOk 03
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Single Domain Solvers

ddPB Derivation
e GSP equation in unit ball

-V [5(3()Vu(x)] + AX)F (W) u(x) =f(x) in By(0)
u(x) =¢r(x) on 9B;1(0)
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Single Domain Solvers

ddPB Derivation
e GSP equation in unit ball
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Single Domain Solvers

<NMH

ddPB Derivation
GSP equation in unit ball

V- [009u00] + 2007 (U69) utx) =fx) in Bi(0)
u(x) =¢r(x) on 9B;1(0)

Transformation to Homogeneous Problem

V. [g(xww(x)] +/\('x).77((m) (x)) wix) =Ffx), in By(0)
w(x) =0 on 0B4(0),

o W(X) = u(x) —ui(x)

o F(X) = f(X) + V - [EX) V1 ()] — \(x)F ((m) (x)) i (%)

o Uy (x) : Laplace solution satisfying the boundary condition
Br,(xj) C Q}'
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Single Domain Solvers

<NMH

ddPB Derivation
GSP equation in unit ball

V- [009u00] + 2007 (U69) utx) =fx) in Bi(0)
u(x) =¢r(x) on 9B;1(0)

Transformation to Homogeneous Problem

V. [g(xww(x)] +/\('x).77((m) (x)) wix) =Ffx), in By(0)
w(x) =0 on 0B4(0),

o W(X) = u(x) —ui(x)

o F(X) = f(X) + V - [EX) V1 ()] — \(x)F ((m) (x)) i (%)

o Uy (x) : Laplace solution satisfying the boundary condition
Br,(xj) C Q}'

o ¢r(x) is harmonic in By, (x;)
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Single Domain Solvers

<NMH

ddPB Derivation
GSP equation in unit ball

V- [009u00] + 2007 (U69) utx) =fx) in Bi(0)
u(x) =¢r(x) on 9B;1(0)

Transformation to Homogeneous Problem

V. [g(xww(x)] +/\('x).77((m) (x)) wix) =Ffx), in By(0)
w(x) =0 on 0B4(0),

o W(X) = u(x) —ui(x)

o F(x) = f(X) + V - EX)ViI; ()] — A(x)F ((w+ m) (x)) i (%)

o Uy (x) : Laplace solution satisfying the boundary condition
Br,(xj) C Q}'

o r(x) is harmonic in By, (x;)

o w(x) is harmonic in B;(0) where

fj

T rHro+rpta

€ (0,1)
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Single Domain Solvers

ddPB Derivation

e Find w € H{ (D) such that

/' EX)VW(X)VW(X) + / A(X)F (W(x)
JD JD

=2
X
=
X
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Single Domain Solvers

ddPB Derivation

e Find w € H{ (D) such that

/‘ EX)VW(X)VW(X) + / A(X)F (W(x)
JD JD

=
X
=
X

o D =B;(0) \ Bs(0)
o Hj (D) = {w e HY(D) : w|pp, (o) = 0}
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Single Domain Solvers

ddPB Derivation

e Find w € H{ (D) such that

[ 00wwwitg + [ 200 F @iy winie
JD JD

o D =B4(0)\ Bs(0)
o Hj (D) = {w e HY(D) : w|pp, (o) = 0}
e Using Galerkin discretisation

Lmax

w(r,0 ZZZ A o(NYP(0,p) Y6<r<l; 0<6<m 0<¢p<2m,
i=0 ¢=0 m=—¢

o; : Legendre polynomial of order i
: Maximum degree of Legendre polynomial of order g;
7' : Spherical Harmonic Basis
lmax : Maximum degree of Y}/

O O O O
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Single Domain Solvers

ddPB Derivation

e System of Equation
AX. =F

where
o k(=N (2 +m+1)+ie{l,2,....N(fmax + 1)*}),K entry

Al = [ 200V (@YD) (577

+ / OO (W) 0¥F o)V
D

+£/ oYP oYY
2B (0)

k — / f()ij YV k e {1 (fmax + 1) }

Universitat Stuttgart
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Single Domain Solvers

ddPB Derivation
e HSP equation in unit ball
—Aue + k%u2 =0 inBy(0),
Ue = e ONS?

e U. can be numerically approximated by ue

lmax £ .
ae(h&@) = Z Z {(;e}:q::(?)ygn(eaw)
=0 m=—{ -

for0<r<1,0<60<m 0<¢p<2m

1Quan, Stamm, Maday: SISC, 41(2), B320-B350, 2019
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Single Domain Solvers

ddPB Derivation
e HSP equation in unit ball
—Aue + k%u2 =0 inBy(0),
Ue = e ONS?

e U. can be numerically approximated by ue

loax £
Gelr0p) = 3 [oe] VPO,
=0 m=—/¢ !

for0<r<1,0<60<m 0<¢p<2m
~ m
o {q‘)e} , : Numerical approximation of [¢e]}’

[e]” = > whPoelsn) P (50)
) n=1

1Quan, Stamm, Maday: SISC, 41(2), B320-B350, 2019
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Numerical Studies

Numerical Studies

e Numerical Integration12

L Haxton: J.Phy.B, 40, 4443, 2007
2 parter: JSC, 14, 347-355, 1999
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Numerical Studies

Numerical Studies

e Numerical Integration12

1
/ h(x)dx = / r? [ h(r,s)dsdr
D 52

Nigi

_ B 2
Y Mk (S om0+ )

m=1n=1

&

1—
><h< 5 (Xm+ 1)+ ,s,,).

L Haxton: J.Phy.B, 40, 4443, 2007
2 parter: JSC, 14, 347-355, 1999
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Numerical Studies

Numerical Studies

e Energy Computation?
1

E =5 [ (700000 = 700 — 2217)

o AII : Osmotic Pressure

1Stein, Herbert, Head-Gordon: JCP, 151(22), 2019
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Numerical Studies

Numerical Studies

e Energy Computation?
1

E =5 [ (700000 = 700 — 2217)

o AII : Osmotic Pressure
e Stopping Criteria
o Global Iterative Process

|E — EX1/|ESK) < tol

1Stein, Herbert, Head-Gordon: JCP, 151(22), 2019
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Numerical Studies

Numerical Studies

e Energy Computation?
1

E=1 / (P X)) = P (%) (x) — 2211

o AII : Osmotic Pressure
e Stopping Criteria
o Global Iterative Process

|E — EX1/|ESK) < tol

o loop
X = XKl 2

XA <10 x tol

1Stein, Herbert, Head-Gordon: JCP, 151(22), 2019
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Numerical Studies

Numerical Studies

e Energy Computation?
1

E=1 / (P X)) = P (%) (x) — 2211

o AII : Osmotic Pressure
e Stopping Criteria
o Global Iterative Process

|E — EX1/|ESK) < tol

o loop
X k X k—1
w <10 x tol
[IXr ]l e2
o loop
X k X k—1
X = X lle2 i ez~ 100  tol
[1Xe,i* [l 2

1Stein, Herbert, Head-Gordon: JCP, 151(22), 2019
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Numerical Studies

Numerical Studies

e Constants in the model
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Numerical Studies

Numerical Studies

e Constants in the model
o &s:78.54
o r:0.104 A1
o T:298.15K
o tol: 1077
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Numerical Studies

Numerical Studies

e Constants in the model
o &s:78.54
o k:0.104 A1
o T: 298.15K
o tol: 1077
o Conversion to atomic units
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Numerical Studies

Numerical Studies

e Discretisation Parameters: N = 20, Ng; = 300
e Geometric Parameters: r{ = 2 A, ro=3 A, rp=14 A, a=12A

Electrostatic Potential
6 T T T T T

—¥r+ %o

Yo

Un

—— Harmonic Extension
—— Bessel Extension

A
)

—4+ sa 1; +
o +i + f
76 | | | | | | | T |
0 2 4 6 8 10 12 14 16
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Numerical Studies

Numerical Studies

e Discretisation Parameters: N = 40, Nig; = 400
e Geometric Parameters: r{ =2 A ro=10A, rp =14 Aa=12A

Solvation Energy

1073 Solvation Energy 1078
—7.09 — — —T1F 1
7l ] 71 |
°
b i g T e |
u? Lo uf A
vor__00%0%" A v e f
—711} L iad - L4
—71F 7
7111 1
71} —
Py - . . . . . . . - - L -
7.12 5 10 15 20 25 30 35 20 50 100 150 200 250 300 350 400
N Nigi
Abhinav Jha
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Numerical Studies

Numerical Studies

e Discretisation Parameters: N = 20, Nig = 200

e Geometric Parameters: r; =2 A, ro = 10 A, rp =14 A a=0A (eft),
and a = 1.2 A (right)

1073
T

q1 = 0.01 q; = 0.01
08 % -=- a1 =0.02 |4 0.8 -e- g1 =0.02 |
Y S gy =0.05 i) -+ 41 =0.05
. k! . k)
0.6 ‘,‘ B 0.6 |- x,:. N
s 3 . L
= o0af 1 = o0af \ :
= =
& &
> 02F 1 S o2f \ |
Us A of ¥ — |
e s 2
= + e+ 3
0.2 + s 4 —02p + = T
—oal ‘ ‘ ‘ < oal T ‘ ‘ ‘
5 10 15 20 25 5 10 15 20 25
r(a.u.) r(a.u)

e Var(y)=|sinh(vy)) /1) — 1|
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Numerical Studies

Numerical Studies

e Discretisation Parameters: N = 20, N = 500
e Geometric Parameters: ri =2A,rp =50A,r,=14A,a=12A
1072
o,
2t -‘" ‘.. 1
_ e ¢ %
2o 15l 1 ® i
w S S
= [ .
oot s .'b i
| o i
o5t [] \. f
! s,
~
0 ¢ .’°0. R
Z‘(J 4‘() [;l) (‘:‘[) 1 (‘JU
ro (a.u.)
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Numerical Studies

Numerical Studies

e Discretisation Parameters: N = 15, Nigj = 50, max = 11,
= 1202

o Geometric Parameters: Hydrogen Fluoride Molecule, ry = 30 A,
rp=14Aa=12A
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Conclusions and Outlook

Conclusions and Outlook

e Conclusions

o Formulation of domain decomposition method for PB
equations

1 Herbst, J., Lipparini, Mikhalev, Notolli, Stamm, ddX: https://github.com/ddsolvation/ddX
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e Conclusions
o Formulation of domain decomposition method for PB
equations
o Development of a non-linear solver
o Inclusion of Steric effects
o Current implementation for small molecules

e Outlook
o Implementation to ddX library?
o Comprehensive numerical studies

Thank You!
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