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Algebraic Stabilization Schemes

e Steady-state convection-diffusion-reaction equation

—eAu+b-Vu+cu = f inQ,
u = up onlp,
—Vu-n = uy only

o}

Q) - bounded polyhedral Lipschitz domain in R%, d € {2, 3}
n - outward pointing unit normal
Assume

e}

e}

<c(x) - %v . b(x)) > 020

Interested in convection-dominated regime, ¢ < ||b|| ()L
— L - Characteristic length of the problem

e}
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e |deal discretization
1. Accurate and sharp layers 1

1 Brooks, Hughes: Computer Methods in Applied Mechanics and Engineering, 32 (1-3), 199-259, 1982
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e |deal discretization
1. Accurate and sharp layers 1
2. Physically consistent results (no spurious oscillations)

1 Brooks, Hughes: Computer Methods in Applied Mechanics and Engineering, 32 (1-3), 199-259, 1982
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e |deal discretization
1. Accurate and sharp layers 1
2. Physically consistent results (no spurious oscillations)
3. Efficient computation of the solutions

1 Brooks, Hughes: Computer Methods in Applied Mechanics and Engineering, 32 (1-3), 199-259, 1982
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e |deal discretization
1. Accurate and sharp layers 1
2. Physically consistent results (no spurious oscillations)
3. Efficient computation of the solutions
e Because of 2" property: Algebraic stabilized schemes very well suited
for applications

1 Brooks, Hughes: Computer Methods in Applied Mechanics and Engineering, 32 (1-3), 199-259, 1982
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e |deal discretization
1. Accurate and sharp layers 1
2. Physically consistent results (no spurious oscillations)
3. Efficient computation of the solutions
e Because of 2" property: Algebraic stabilized schemes very well suited
for applications
e Alternate approach: Adaptive grids

1 Brooks, Hughes: Computer Methods in Applied Mechanics and Engineering, 32 (1-3), 199-259, 1982
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e |deal discretization
1. Accurate and sharp layers 1
2. Physically consistent results (no spurious oscillations)
3. Efficient computation of the solutions
e Because of 2" property: Algebraic stabilized schemes very well suited
for applications
e Alternate approach: Adaptive grids
e |dea: Combine both the approaches

1 Brooks, Hughes: Computer Methods in Applied Mechanics and Engineering, 32 (1-3), 199-259, 1982
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e Hemker Problem 1: ¢ = 104, b = (1,0) T, #dof = 33496

1 Hemker: Journal of Computational and Applied Mathematics, 76 (1-2), 277-285, 1996
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e Hemker Problem 1: ¢ = 104, b = (1,0) T, #dof = 33496

1 Hemker: Journal of Computational and Applied Mathematics, 76 (1-2), 277-285, 1996
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e Hemker Problem 1: ¢ = 104, b = (1,0) T, #dof = 33496

1 Hemker: Journal of Computational and Applied Mathematics, 76 (1-2), 277-285, 1996
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A Posteriori Analysis

e Fully Computable Error Bound
o Implicit Residual Based Estimator!
o Local Efficiency depends on Linearity Preserving

1Allendes, Barrenechea, Rankin: SIAM Journal on Scientific Computing, 39 (5), A1903-A1927, 2017
2J.: Computers & Mathematics with Applications, 97 (1), 86-99, 2021
3J.,J0hn, Knobloch: SIAM Journal on Scientific Computing, 45 (4), B564-B589, 2023
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A Posteriori Analysis

e Fully Computable Error Bound

o Implicit Residual Based Estimator!

o Local Efficiency depends on Linearity Preserving
e Residual Based Error Estimator?

o Explicit Residual Based Estimator

o Formal Local Lower Bound

o Hanging Nodes Theory?

1Allendes, Barrenechea, Rankin: SIAM Journal on Scientific Computing, 39 (5), A1903-A1927, 2017
2J.: Computers & Mathematics with Applications, 97 (1), 86-99, 2021
3J.,J0hn, Knobloch: SIAM Journal on Scientific Computing, 45 (4), B564-B589, 2023

Abhinav Jha ( IIT Gandhinagar 4
A Posteriori Error Analysis, ond September 2025 "/ MATHEMATICS




° for AS scheme
Find u;, € V), such that

ap(Up, V) + bp(Up;up, vh) = (f,vh) Y vy €V

o V,— finite element space with homogeneous Dirichlet
boundary conditions (V}, C V)

1 Barrenechea, John, Knobloch, Rankin: SeMA Journal, 75 (4), 655-685, 2018
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° for AS scheme
Find u;, € V), such that
an(Up, V) + by (Up; up,vp) = (f,vp) V vy €V

o V,— finite element space with homogeneous Dirichlet
boundary conditions (V}, C V)
o Stabilization

1Balrlrenechea, John, Knobloch, Rankin: SeMA Journal, 75 (4), 655-685, 2018
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° for AS scheme
Find u, € V}, such that

ap(Up, V) + bp(Up;up, vh) = (f,vh) Y vy €V

o V,— finite element space with homogeneous Dirichlet
boundary conditions (V}, C V)
o Stabilization
N
bp(w;z,v) = Z bij(w)(z; — zi)vi Vw,z,veV,
ij=1

e Another representation of stabilization for w,v,z € V},,!

bh(w;z,v) = Y [be(w)|he (VZ - tg, VV - te)
Eeg,

1Balrlrenechea, John, Knobloch, Rankin: SeMA Journal, 75 (4), 655-685, 2018
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e AS norm
llunllAs = llunlla + br(Un, un, up) Vup € Vi,

o where ||uy]|2 = g|up|? + o|unl|3

1John, Novo: Computer Methods in Applied Mechanics and Engineering, 255 (1), 289-305, 2013
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e AS norm
[UnllZs = [[Unll7 + br(Un, Un, Up) Vup € Vi
o where |[up3 = elup|i + o||unl[
e Let Z,u denote the Scott-Zhang interpolation operator. Galerkin
orthogonality arguments

lu—unllRs = (f,u—Znu) + (un,u — Znt)ry — an(Un, U — Zpu)
+bp(up;u, Zpu — up)

1John, Novo: Computer Methods in Applied Mechanics and Engineering, 255 (1), 289-305, 2013
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e AS norm
llunllAs = llunlla + br(Un, un, up) Vup € Vi,
o where ||lup||7 = elun| + o||unll3

e Let Z,u denote the Scott-Zhang interpolation operator. Galerkin
orthogonality arguments

lu—unllRs = (f,u—Znu) + (un,u — Znt)ry — an(Un, U — Zpu)
+bp(up;u, Zpu — up)

e Standard residual a posteriori error bound !

(f,u — Zpu) + (Un, U — Zpu)ry, — ap(Up, U — Zpu)

= Z(RK(Uh),Ufth)K#*

Ke Ty

1John, Novo: Computer Methods in Applied Mechanics and Engineering, 255 (1), 289-305, 2013
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with

RK<Uh) = f4+ecAu,—b-Vu, — cuh|K,
—€ [[Vuh . np}]F if Fe Fhas
= un —e(Vup -ng)  if F e Fun,
0 ifF e Fio
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with
RK(Uh) = f4+eAup,—b-Vu, — cuh|K,
—& [Vup - ne]e if F € Fha,
= un — E(Vuh . nF) if Fe th’
0 ifF e Frp

e Using interpolation estimates, Cauchy-Schwarz, and Young's inequality

lu—unllz + by (Un; U — Un, u — up)

S
Cy—1

& _[c: cihy .
2(Gr—1) 2 min {7‘ T} Ric(un)llcz

Cy

o -1

by (up; u, Zpu — up)
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o Linearity of by (+; -, -),

bh(uh:u.Zhu —Up) = bh(uh; u—up,Zpu — Uh) + bh(uh: Up, Zpu — Uh>
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o Linearity of by (+; -, -),

bh(uh:u.Ihu — Uh> = bh(uh; u—up,Zpu — Uh) + bh(uh: Up, Zpu — Uh>

o Using interpolation estimates, Cauchy-Schwarz, trace inequality, inverse
estimate, and Young's inequality

Cy . H,—lhg Ko oL 1-d
“Un, Tpu — < =) m = 2
bh(uh Up, Zpu Uh> < |n{ p |bE‘ hE

2 €
Ecé&y
2 1 2
x[[Vup 'tEHLZ(E) + aHU — Unlla,
where
R1 = Cedge.max (1 + (1 + CI)2) )
ko = G Cedgemax (1+ (1+Cz)?).
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Residual Based Approach

.

Theorem (Global a Posteriori Error Estimate)

A global a posteriori error estimate for the energy norm is given by1 2

2
[lu— Uh‘ '11 + + n3,
where
4cZ  4c2h?
2 z 4Czhg 2
no= > m'”{ - IRk ()1l 2 (k>
KeTh -
2 = e ol/2.1/2

F 4ko 5 .
E 2 2,1-d 2
— }\bg hg [Vup - tell 2 g

1J.: Computers & Mathematics with Applications, 97 (1), 86-99, 2021
2J.: Applied Mathematics Letters, 157 (1), 109192, 2024
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Numerical Studies

e Algebraic Flux Correction Schemes
o Stabilization Term

N

br(u; v, w) = Y (1= ag(u)) dj (v(x) — v(x)) w(x)

ij=1

1 Kuzmin: CIMNE, 2007
2 Barrenechea, John, Knobloch: Mathematical Models and Methods in Applied Sciences, 27 (3), 525-548, 2017
3 Kuzmin: Computer Methods in Applied Mechanics and Engineering, 361 (1), 112804, 2020
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Numerical Studies

e Algebraic Flux Correction Schemes
o Stabilization Term

N

br(u; v, w) = Y (1= ag(u)) dj (v(x) — v(x)) w(x)

ij=1

_max{aijvoaaﬁ}? ’#.’
- Zi;éj d; i=j

1 Kuzmin: CIMNE, 2007
2 Barrenechea, John, Knobloch: Mathematical Models and Methods in Applied Sciences, 27 (3), 525-548, 2017
3 Kuzmin: Computer Methods in Applied Mechanics and Engineering, 361 (1), 112804, 2020
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Numerical Studies

e Algebraic Flux Correction Schemes
o Stabilization Term

N
br(u; v, w) = Y (1= ag(u)) dj (v(x) — v(x)) w(x)
ij=1
o d,’j _ — max{aij, O,Gj,'}, I 75]
— 2 i i =]
o Limiters (Symmetric)
— Kuzmin?
— BJK?

Monolithic Convex?

1Kuzmin: CIMNE, 2007
Barrenechea, John, Knobloch: Mathematical Models and Methods in Applied Sciences, 27 (3), 525-548, 2017
Kuzmin: Computer Methods in Applied Mechanics and Engineering, 361 (1), 112804, 2020
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umerical Studies

e Algebraically Stabilized Schemes

o Stabilization Term
N

ba(u; v, w) = > by(u)v(x;)w(x)

=

Barrenechea, Burman, Karakatsani: Numerische Mathematik, 135 (2), 521-545, 2017
Barrenechea, John, Knobloch: Springer, 61 (1), 441-447, 2025

John, Knobloch: Numerische Mathematik, 152 (3), 553-585, 2022

Knobloch: Numerical Algorithms, 94 (2), 547-580, 2023

AW DN -
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Numerical Studies

e Algebraically Stabilized Schemes
o Stabilization Term

N
ba(u; v, w) = > by(u)v(x;)w(x)

ij=1

—max {(1 — a;j(u)a;, 0, (1 — aj(u)a;}, i#j

o bj(u) = b L
- Zi;ﬁj i (U) =]
1 Barrenechea, Burman, Karakatsani: Numerische Mathematik, 135 (2), 521-545, 2017
ZBarrenechea, John, Knobloch: Springer, 61 (1), 441-447, 2025
3John, Knobloch: Numerische Mathematik, 152 (3), 553-585, 2022
4

Knobloch: Numerical Algorithms, 94 (2), 547-580, 2023

Abhinav Jha (/) IIT Gandhinagar
A Posteriori Error Analysis, ond September 2025 "/ MATHEMATICS




Numerical Studies

e Algebraically Stabilized Schemes
o Stabilization Term

by (u; v, w) Z bij(u yw(xi)

=1

o by(u) = —max {(1 — a;(u)ay, 0, (1 — ag(u)a;}, l;éj
- Zi;ﬁj bjj(u) =]
o Limiters
BBK™ (b = —yohy max {n;(u), (u)}?)
— Modified-BBK (MBBK)? (b; = —d;; max {n;(u), n;(u)}")
— MUAS®
— SMUAS*

Barrenechea, Burman, Karakatsani: Numerische Mathematik, 135 (2), 521-545, 2017
Barrenechea, John, Knobloch: Springer, 61 (1), 441-447, 2025

John, Knobloch: Numerische Mathematik, 152 (3), 553-585, 2022

Knobloch: Numerical Algorithms, 94 (2), 547-580, 2023
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e Comparison of results:
o Effectivity Indexin || - ||a (Yeff)
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e Comparison of results:
o Effectivity Indexin || - ||a (Yeff)
o Accuracy of solution

- H ‘L’JM_))
- Hv("”b’({])
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e Comparison of results:
o Effectivity Indexin || - ||a (Yeff)
o Accuracy of solution
- H ’ ‘L’f’(ﬂl‘)
- HV() ‘L’*’(Q‘)
o Efficiency of the scheme
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e Comparison of results:
o Effectivity Indexin || - ||a (Yeff)
o Accuracy of solution
- H ’ ‘L’*’(Qﬁ)
- HV() ‘L’*’(Q‘)
o Efficiency of the scheme
o Adaptive grids
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e Comparison of results:
o Effectivity Indexin || - ||a (Yeff)
o Accuracy of solution
ol | KR (1EY)
= IVOle@
o Efficiency of the scheme
o Adaptive grids
— Conforming Closure
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e Comparison of results:
o Effectivity Indexin || - ||a (Yeff)
o Accuracy of solution
ol | KR (1EY)
= IVOle@
o Efficiency of the scheme
o Adaptive grids
— Conforming Closure
o Nonlinear Equations
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e |terative solver
o Matrix formulation of the algebraic stabilised schemes!-2
(A+D)U=F+(D-BU))U
o Fixed point right-hand side

(A+D)U* = F+ (D—BU"))U,
Ut = LU + (1 — w)UH,

where 1 > w > 0 is a dynamic damping parameter®

1JA, John: BAIL 2018, 135 (1), 113-128, 2020
2J.,John: Computers & Mathematics with Applications, 78 (9), 3117-3138, 2019
3John, Knobloch: Computer Methods in Applied Mechanics and Engineering, 196 (17-20), 2197-2215, 2007
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e Corner Boundary Layer?

o Q=1(0,1)2,6=10"2,b=(2,3)",c = 1,up = 0,uy = 0, T = T'p, and f such that

(o]
Wiy) = xy” er(zug—n) —xe('j(y:”) +e(2(x—1>is<v—l>>

1John, Knobloch, Savescu: Computer Methods in Applied Mechanics and Engineering, 200 (41-44), 2916-2929, 2011
2J.,John: Computers & Mathematics with Applications, 78 (1), 3117-3138, 2019
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e Corner Boundary Layer!
o Q=1(0,1)2,6=10"2,b=(2,3)",c = 1,up = 0,uy = 0, T = T'p, and f such that

(o]
Wixy) = 2 — er(zug—w) —xe('j(y:”) +e(2(x—1>is<v—l>>

e stop of the non linear iteration 2
o 10000 iterations
o |residual||,2 < V#dof10~8

1John, Knobloch, Savescu: Computer Methods in Applied Mechanics and Engineering, 200 (41-44), 2916-2929, 2011
2J.,John: Computers & Mathematics with Applications, 78 (1), 3117-3138, 2019
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e Corner Boundary Layer!
o Q=1(0,1)2,6=10"2,b=(2,3)",c = 1,up = 0,uy = 0, T = T'p, and f such that
(o]

) =t yePT) _ () | (e

stop of the non linear iteration 2
o 10000 iterations

o |residual||,2 < V#dof10~8
stop of the adaptive algorithm

o n<1073

o #dof = 2.5 x 10°

1John, Knobloch, Savescu: Computer Methods in Applied Mechanics and Engineering, 200 (41-44), 2916-2929, 2011
2J.,John: Computers & Mathematics with Applications, 78 (1), 3117-3138, 2019
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e Effectivity Index

conforming closure

L R -l- BJXK
8 ¢ q’ -@- Kuzmin
: MC 1400
K =-®- MUAS
6L -4 - SMUAS
4300
o ’-‘* 200
.“&,
20 100
0F 40
Ll Lol Lol Lol Lo
10! 102 103 104 10°

# dof
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5, .
o and L2(Q) Error of the gradient?
0 . 1 0 e E
100 5 1
1071 12 b 1
‘ 13 ]
1072 F E I ]
] 3 |
1073 |- | < u
i E| 107! || - @ Kuzmin E
. 1 -4 MC b
1071 E|-9 %% E -©- MUAS .. 1
- E| -4+ SMUAS e, 1
==+ Optimal Rate O(h?) 1 --=- Optimal Rate O(h) N |
1072 PR T T R N B T R AT PR Y T I R TSI B A A R U R T R R
10t 102 103 104 10° 10t 102 103 104 10°
# dof # dof

1Balrrenechea, John, Knobloch: SIAM Journal on Numerical Analysis, 54 (4), 2427-2451, 2016
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e Efficiency

3
O,

&-
o

"
e

-m-
+ Kuzmin
.‘.‘
_e.‘
.Q.‘

BJK

MC
MUAS
SMUAS | |

200
w 150
c
(o]
)
(8]
(4]
[
+ 100 |
%)
c
(o]
s
S
I
= 50F
0
10
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104
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e L-Shaped Domain?

o Q=(0,1)2\(0.5,1) x (0,0.5),e =106, b= (3,1)T,c=1l,andT' =Tp

o f= 100r(r—00)(r—1/ﬂ),uD
o u¢H*(Q)

1John: Computer Methods in Applied Mechanics and Engineering, 190 (5-7), 757-781, 2000
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e L-Shaped Domain?

o Q=(0,1)2\(0.5,1) x (0,0.5),e =106, b= (3,1)T,c=1l,andT' =Tp
o f= 100r(r—00)(r—1/ﬂ),uD
o u¢H*(Q)

e stop of the non linear iteration
o 10000 iterations
|Iresidual||,2 < V#dof10~8

1John: Computer Methods in Applied Mechanics and Engineering, 190 (5-7), 757-781, 2000
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e L-Shaped Domain?
o Q=(0,1)2\(0.5,1) x (0,0.5),e =106, b= (3,1)T,c=1l,andT' =Tp
o f=100r(r — 0. o)(r —1/v/2), up
o u¢H2(Q)

e stop of the non linear iteration
o 10000 iterations
|Iresidual| 2 < v#dof10=8
e stop of the adaptive algorithm
o n<1073
o #dof ~ 5 x 10°

John: Computer Methods in Applied Mechanics and Engineering, 190 (5-7), 757-781, 2000
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e Adaptive Grids (#dof = 50000)

7]

(b) Kuzmin

(c) Monolithic

(d) MUAS

Abhinav Jha
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e Interior and Boundary Layer!
o Q=1(0,1)2,=10"5,b = ((cos(—n/3),sin(—n/3)),c=f=0,and T =I'p
o
1 if (y=1Ax>0)or (x=0Ay>0.7)

Up =
0 else

1 Hughes, Mallet, Akira: Computer Methods in Applied Mechanics and Engineering, 54 (3), 341-355, 1986
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e Interior and Boundary Layer?!
o Q=(0,1)2,e=10"6b= ((cos(—7r/3),sin(—7r/3))T, c=f=0,and' =Tp

o

U — 1 if (y=1Ax>0)or (x=0Ay>0.7)
b= 0 else

e stop of the non linear iteration
o 10000 iterations
o |residual||,2 < V#dof10~8

1 Hughes, Mallet, Akira: Computer Methods in Applied Mechanics and Engineering, 54 (3), 341-355, 1986

N\
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e Interior and Boundary Layer?!

o Q=(0,1)2,e=10"6b = ((cos(—n/3),sin(—m/3)),c =f=0,and ' = I'p
o

0 else

9

e stop of the non linear iteration
o 10000 iterations
o |residual||,2 < V#dof10~8
e stop of the adaptive algorithm
o n<1073
o #dof & 5 x 105

. {1 if (y=1Ax>0)or (x=0Ay>0.7)
b=

Hughes, Mallet, Akira: Computer Methods in Applied Mechanics and Engineering, 54 (3), 341-355, 1986
Abhinav Jha

(/) IIT Gandhinagar
A Posteriori Error Analysis, ond September 2025 "/ MATHEMATICS




e Adaptive Grids (#dof = 250000)

(a) BJK (b) Kuzmin (c) Monolithic

(d) MUAS (e) SMUAS
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e Nonlinear Convection?

o Q=(0,1),e=10"3b=(u,u)T,c=0,andT =Tp
o fand up are chosen such that
(o]

u(x,y) = !

3
4

4 {1+exp (%

1Zhao, Li, Gao: Journal of Mathematical Analysis and Applications, 550 (2), 129617, 2025
N Abhinav Jha

A Posteriori Error Analysis, ond September 2025

)]

( IIT Gandhinagar
“ MATHEMATICS




e Nonlinear Convection?

o Q=(0,1),e=10"3b=(u,u)T,c=0,andT =Tp
o fand up are chosen such that
(o]

1

u(x,y) =

3
4

4 {1+exp (%

e stop of the non linear iteration
o 10000 iterations

o |residual||,2 < V#dof10~8
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e Nonlinear Convection?

o Q=(0,1),e=10"3b=(u,u)T,c=0,andT =Tp

o fand up are chosen such that
(o]

u(x,y) =

3
4

stop of the non linear iteration
o 10000 iterations

o |residual||,2 < V#dof10~8
stop of the adaptive algorithm
o n<1073

o #dof = 5 x 10°
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e Effectivity Index
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flu— UhHLz(zz)

107°

106

and L?(Q)) Error of the gradient
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e Adaptive Grids (#dof = 500000)

NN

(a) BJK

(b) Kuzmin

(c) Monolithic

Abhinav Jha
A Posteriori Error Analysis, ond September 2025

(d) MUAS

( IIT Gandhinagar
Y MATHEMATICS



Conclusions

e Conclusions
o Linear Example

BJK Kuzmin f MC MUAS SMUAS
Veff o - ++ o o
++ - ++ ++
Efficiency - ++ + ++ o
Adaptive Grids o ++ ++ 4 +
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Conclusions

e Conclusions
o Linear Example

BJK Kuzmin A MC MUAS SMUAS
Veff o - ++ o o
++ - ++ ++
Efficiency — ++ + ++ o
Adaptive Grids | o ++ 4 ++ +
o Nonlinear Example
BJK Kuzmin MC MUAS
Yeff ++ - - +
++ — ++ -
Adaptive Grids | ++ - o +
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Summary & Outlook

e Summary
o AFC+Monolithic well suited for Linear example
o AFC+BJK well suited for Nonlinear example
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Summary & Outlook

e Summary
o AFC+Monolithic well suited for Linear example
o AFC+BJK well suited for Nonlinear example
o AS+MUAS good alternative
e Outlook
o More examples required to better understand AFC+Adaptive
Grids
o Incorporate BBK and MBBK
o Efficient implementation for SMUAS
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Thank You!

Thank You!

Webpage: tinyurl.com/abhi0207
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