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Solvation Models

Solvation Models

e lonic Solvation Models 1
o Explicit Solvation Models
— Adopts molecular representation of both solute and
solvent
— Accurate results
— Computationally expensive

L Zhang et. al: JCTC, 13, 1034-1043, 2017
2Tomasci, Persico: CR 94, 2027-2094, 1994
3Honig, Nicholls: Sci. 268, 1144-1149, 1995
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Solvation Models

Solvation Models

e lonic Solvation Models 1
o Explicit Solvation Models
— Adopts molecular representation of both solute and
solvent
— Accurate results
— Computationally expensive
o Implicit Solvation Models 2:3

— Microscopic treatment of solute

— Macroscopic treatment of solvent using physical
properties

— Less computational cost

L Zhang et. al: JCTC, 13, 1034-1043, 2017
2Tomasci, Persico: CR 94, 2027-2094, 1994
3Honig, Nicholls: Sci. 268, 1144-1149, 1995
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Model Problem

Solvation Models

Figure 1: Formaldehyde molecule
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Model Problem

Solvation Models

e Linear Poisson-Boltzman (LPB) equation
—V - [e() VY (X)] + R(x)%(x) = 4mpm(x) inR3

o 1(x)— Electrostatic potential
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Model Problem

Solvation Models

e Linear Poisson-Boltzman (LPB) equation
—V - [e() VY (X)] + R(x)%(x) = 4mpm(x) inR3

o 1(x)— Electrostatic potential
o e(x)— Space-dependent dielectric permittivity

(X) €1 in Q,
9 = . —
gy INQC:=R3\Q

o 2— Solute Cavity
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Model Problem

Solvation Models

o k(x)— Modified Debye-Hiickel parameter

0 in Q,
Ve in Q¢

o rk— Debye-Hickel screening constant

R(X) =
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Model Problem

Solvation Models

o k(x)— Modified Debye-Hiickel parameter

. 0 in Q.
K(x) = .
JVEak  in Q¢

o k— Debye-Hlckel screening constant
o pm(x)— Solute charge distribution

M
o) = 3 a6(x — x)
i=1

o M— Number of solute atoms
o gi— Partial charge on the ith atom
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Review of Numerical Methods

Solvation Models

e Boundary Element Method (BEM) 1

Yoon, Lehnoff: JCC 11, 1080-1086, 1990

Madura et.al.: CPC 91, 57-95, 1995

Chen, Holst, Xu: SINUM 45, 2295-2320, 2007
Cancés, Maday, Stamm: JCP 139, 054111, 2013
Lipparini et.al.: JCP 141, 184108, 2014

Quan, Stamm, Maday: SISC 41, B320-B350, 2019
Lebedev, Laikov: DM 59, 477-481, 1999
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Review of Numerical Methods

Solvation Models
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Review of Numerical Methods

Solvation Models

e Boundary Element Method (BEM) 1
e Finite Difference Method (FDM)?2
e Finite Element Method (FEM)3

e Domain Decomposition Methods 4:2:6

Yoon, Lehnoff: JCC 11, 1080-1086, 1990

Madura et.al.: CPC 91, 57-95, 1995

Chen, Holst, Xu: SINUM 45, 2295-2320, 2007
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Review of Numerical Methods

Solvation Models

e Boundary Element Method (BEM) 1
e Finite Difference Method (FDM)?2
e Finite Element Method (FEM)3

e Domain Decomposition Methods

o Schwarz decomposition method

o Does not rely on mesh but quadrature points’

o Computation of forces becomes natural as spheres are
centered at nucleus position

456

Yoon, Lehnoff: JCC 11, 1080-1086, 1990

Madura et.al.: CPC 91, 57-95, 1995

Chen, Holst, Xu: SINUM 45, 2295-2320, 2007
Cancés, Maday, Stamm: JCP 139, 054111, 2013
Lipparini et.al.: JCP 141, 184108, 2014

Quan, Stamm, Maday: SISC 41, B320-B350, 2019
Lebedev, Laikov: DM 59, 477-481, 1999
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Problem Transformation

ddLPB Method

e The LPB equation can be written in two equations
—AGX) = Tpux) g,
—AP(X)+ £2p(x) =0 inQS,
with

onI' =09,
onT

[
[9n (1) ()] =
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Problem Transformation

ddLPB Method

e Using potential theory the final equations are

— At (X) = 0 inQ,
—Ae(X) + K2Ye(x) = 0 inQ,

1Sauter, Schwab, Springer, Berlin-2011, Thm. 3.3.1
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Problem Transformation

ddLPB Method

e Using potential theory the final equations are

—Atr(x) = 0 inQ,
—Ae(X) + K2Ye(x) = 0 inQ,
with
Vo + Yy = Ye onT,
_ / €1 9 , 1
Oe = One — Z0n(o + 1) onT
1Sauter, Schwab, Springer, Berlin-2011, Thm. 3.3.1
/ Abhinav Jha . itat S 7
“™ " Overview of ddLPB method, 8" December 2022 i Universitat Stuttgart




Problem Transformation

ddLPB Method

e Using potential theory the final equations are

— At (X) = 0 inQ,

—Ae(X) + K2Ye(x) = 0 inQ,
with

Vo + Yy = Ve onT,

e = Ontbe — 0n(10 +¢r) on rt
where

o 1)y— Reaction potential in 2
o 1)p— Potential generated by p\ satisfying,

=

c

47
—Ay = —pm
1

1Sauter, Schwab, Springer, Berlin-2011, Thm. 3.3.1
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Problem Transformation

ddLPB Method

o 1)e— Extended potential from Q€ to Q
o oe— Charge density generating 1), satisfying

exp (—k|x —y|) oe(y)

S. = =1 VXET
oe(X) /F Xy e X

o S,.— Invertible single-layer potential operator 1

S.: HY2(I) = HY2(I)

<

1Sauter, Schwab, Springer, Berlin-2011, 101-181
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ddLPB-Method

ddLPB Method

—Ap + K% =0

[On] = 0 c
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ddLPB-Method
ddLPB Method

—Ap + K% =0

[0nv] =0 Q¢

0in Q —Ave + k?1e = 0in Q
gonT e = gonT

— Aty
Yr + Yo
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ddLPB-Method
ddLPB Method

—Ap + K% =0

[0nv] =0 Q¢

0inQ S (Bntbe — 2200 (e +10)) — At + K206 = 0in Q
gonT e = gonT

— Aty
Yr + Yo
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ddLPB-Method
ddLPB Method

— Ay
e+

0inQ ¢ Si (Bntde — 200 (Wi + ¥0)) — —Ade + 12e = 0in Q
gonT : Ye = gonTl

I
OO o092
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Global strategy

ddLPB Method

Define g% on T’
~AYK = 0inQ
K = gk*1 —yponT

7Al'sk + »;2('ek =0inQ
bk = gk-lonD

= nbek — L0 (vo + k)

Compute gk — S.oek

]

‘ Compute solvation energy Esk ‘

Ek_Ek—1 Yes
No IEs ‘Ei l < To1 Done
s
Universitat Stuttgart .

[ Set k = 1, Choose Tol }
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Domain Decomposition Scheme

ddLPB Derivation

e According to definition of )

e Laplace equation restricted to ()

—Alﬁ)r|Q]. =0 in Qj,

Wy p}. = @r.j on Fj
where
s Uy on FJ'.,
rj —
J g— vy Oon F]e
Abhinav Jha
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Domain Decomposition Scheme

ddLPB Derivation

e HSP equation restricted to ¢

7Al~'e|g'2j + h‘,z't_'e\s2j =0 in ¢,
n = Pej ON Fj

where )
e ON 1“]'.,

g onrf
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Domain Decomposition Scheme

ddLPB Derivation

e HSP equation restricted to ¢

7Al~'e|g'2j + h‘,z't_'e\s2j =0 in ¢,

Vell; = Pejj on Fj
where
4 e ON 1“]'.,
e =
I g on Ff—
and

Figure 2: 2-D schematic diagram of l]' and I’}
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Single Domain Solvers

ddLPB Derivation
e Laplace equation in unit ball

—Au, =0 inB(0),
U =d¢ on$S?

e Unique solution in H'(B1(0))

S L
;Zor 0, 0)

for0<r<1,0<0<m 0<¢p<2r
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Single Domain Solvers

ddLPB Derivation
e Laplace equation in unit ball

—Au, =0 inB(0),
U =d¢ on$S?

e Unique solution in H'(B1(0))

[ ¢
Z Z ()r rY/ ) F )
(=0 m=—~¢

for0<r<1,0<0<m 0<¢p<2r
where
o Y]"— (Real orthonormal) spherical harmonics of degree ¢ and
order m on S?
o [¢r]y'— Real coefficient of ur corresponding to Y/

(o)) = [y oe(s)Y]'(s)ds
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Single Domain Solvers

ddLPB Derivation

e U, can be numerically approximated by u,

[max

(0,0 =Y j{: {«h} Y (6, o)

=0 m=—/¢
for0<r<1,0<6<7 0<p<2r

Abhinav Jha
Overview of ddLPB method, 8" December 2022

<NMH

Universitat Stuttgart




Single Domain Solvers

ddLPB Derivation

e U, can be numerically approximated by

[max

(0,0 =Y Z M YT, )
(=0 m=—¢ ¢
for0<r<1,0<60<m 0<p<2m

where
o fmax— Maximum degree of Y}

~ m
o {@r} — Numerical approximation of [¢;]}’
. )

{(;r}:n = zwl}eb@r(sn)yzn(sn)
i n=1

o s, € S’— Lebedev quadrature points

o wi*— Lebedev quadrature weights

o — Number of Lebedev quadrature points
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Single Domain Solvers

ddLPB Derivation
e HSP equation in unit ball

—Aue + k?u2 =0 inBy(0),
Ue = e oONS?

e Unique solution

ZZ (0] i ()Y (0, )

=0 m=—/¢

for0<r<1,0<60<m0<p<2nm
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Single Domain Solvers

ddLPB Derivation
e HSP equation in unit ball

—Aue + k?u2 =0 inBy(0),
Ue = e oONS?

e Unique solution

00 l
Ue(r,0,0) = D Y [0e]fie(nY(0, )

=0 m=—/¢

for0<r<1,0<60<m0<p<2nm
where

o [¢e]) — Coefficient of Y}

o ig(r)— Bessel functions of the first kind
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Single Domain Solvers

ddLPB Derivation

e U. can be numerically approximated by U,

w0 =30 Y 3] v,

=0 m=—/¢

for0<r<1,0<60<m 0<p<2m
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Single Domain Solvers

ddLPB Derivation

e U. can be numerically approximated by U,

w0 =30 Y 3] v,

=0 m=—/¢

for0<r<1,0<60<m 0<p<2m
where

~ m
o {@eL — Numerical approximation of [¢e]}’

[()e] Zw be(sn) Y] (sn)
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Reformulation

ddLPB Derivation

e Rewriting the coupling equations as
Ul () = > wi()ele, (%) = 1 () (g(X) — to(x))  Vx € T
i#j

and
Yelr,(X) — Zw’ji(x)u’e\szi (x) = x; (x)g(x) Vx €T
i#j
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Reformulation

ddLPB Derivation

e Rewriting the coupling equations as

Ul () = > wi()ele, (%) = 1 () (g(X) — to(x))  Vx € T

i#
and
Ue|Fj(X) - ij,'(X)E,!e‘Qi (X) — \f<x)g(x) Wx e F}
i
where
1 ifxeTIf .
o= B IET e N
J 0 ifxelj > ki Xk(X)
Abhinav Jha
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Reformulation

ddLPB Derivation

e Rewriting the coupling equations as

Ul () = > wi()ele, (%) = 1 () (g(X) — to(x))  Vx € T

i#j
and
Yelr,(X) — Zwﬁ(x)we\szi (x) = x; (x)g(x) Vx €T
i
where
1 ifxeTl¥$, xi(x
o \F(X) = ) ’I , wiji(x) = _ X )
0 ifxel]. > ki Xk(X)

o Xf(X) =1—=2i4wix) VxeTj
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Reformulation

ddLPB Derivation

e Reformulating the global coupling condition over each sphere I}

c2

M
g(X) = ZS“T" |:\Ie <6n1,le — ;f(lan((,'“ + Lfr)>:| (X) \V/X S I
i=1
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Reformulation

ddLPB Derivation

e Reformulating the global coupling condition over each sphere I}
€2

M
3(x) = Zsf‘_r,- {\ie <((9n’ue — ;—1&,(0 0+ zr)>} (x) WxeTl
i=1

where

o]

Sh‘.l‘,»ae(X) ::/ eXp(—H\x —_y‘)(fe()/) VX € RS
T 47T|X y’
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Linear System

ddLPB Derivation

e Using x (€ Ij) = x; + rjs for s € S?, the coupling equation is

el (g 4 138) = D wiixg + 138) el (x5 + 138)
i#j
= X5 (5 + 1) (80 + 1;5) — Yo (X 4 135))
o Multiplying by Y] and integrating over S*
<Uer(Xj + rj.) — Z;uj,-(xj + rj.>Ur‘Qi(Xj + l’jO), y?ﬂ(.>>
i 52
= (X705 +1je) (0 +1j®) = 0l +10) YT()) VLo

niversitat Stuttgart
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Linear System

ddLPB Derivation

e Moving from unit ball to Q;

Kmax

E/

r / ‘

rlo,(Xi+rs) = Z IXeligrme (> YI'(s), 0<r<r,secS?

0=0m'=—¢'
and
fmax E/
Ontr (X; + Z Z tlierme (r) Y (s), xi+rself

0=0m'=—t !

<NMH
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Linear System

ddLPB Derivation

e Moving from unit ball to Q;

Kmax

/é/
r / ‘
Urlo,(Xi +18) = E E (Xt liorm (> YI'(s), 0<r<r,secS?

V=0m'=—1/¢"

and

(max

4 /
Ontr (X; + Z Z tlierme (r,) Y (s), xi+rself

ﬁlf mlf [/

o [Xi]jem— Unknown coeffecients of the mode Y}"

Abhinav Jha
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Linear System

ddLPB Derivation
e Using Lebedev quadrature the final linear system of equations are

[AXiom = [Gxljom + [Goljgm Vi, €;m
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Linear System

ddLPB Derivation
e Using Lebedev quadrature the final linear system of equations are
[AXt)jom = [Cxljom + [Goljgm Vi, €:m

where
o A— M(Zmax + 1)2 X M(gmax + 1)2 matrix

[AXr]jém = [Xr]jfm - Z Z
i o

ZI
r /
> wleuwi(x; + rysn) <£n> Vi (sin) Y7 (Sn)
n=1 '
X [Xrligrmy
o (fin, Siin)— Spherical coordinates of x; + r;s, associated with T;

X; + riSn = X; + ljnSin ~ With  sj, € S

:EUniversitéit Stuttgart

Abhinav Jha
Overview of ddLPB method, 8" December 2022




Linear System

ddLPB Derivation

o [Gxljim = 2onh Wi X (%) + 115n)3(% + 1i5n) Y (5n)
o [Goljim = — 2_nt 1wleb F(Xj 4 18n) o (X + risn) Y] (Sn)
e Similarly for the 2@ coupllng equation

[BXe];

jem — [GX}jﬁm vj, 4, m
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Linear System

ddLPB Derivation
o [Gxliim = Sonh wi®X7 (6 + 115n)3 (X + 1j5n) Y[ (sn)
0 [Goljm = = Xopt wWis x5 (% + 138n) L0 (%) + 1j5n) Y (5n)
e Similarly for the 2" coupling equation

[Bxe]jﬁm - [GX}jlém Vj,ﬁ, m

where
o
BXelim = Xeligm—>_ D
i ¢.m
i(’ i /
ZWLEbw‘ji(Xj + rjSn) < - ( Un)) Y5 (Sin) Y7 (Sn)
P l[/(r,')
X [Xe}lf’m’
Abhinav Jha
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Linear System

ddLPB Derivation

e Linear System
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Linear System

ddLPB Derivation

e Linear System

where

A 0
0 B

Gx + Gy
Gx

L= and g =

)

Xe
e Using definition of g
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Linear System

ddLPB Derivation

e Linear System
X = g,

where

A 0
0 B

Gx + Gy
Gx

L:

)

Xe
e Using definition of g

where
o Fo— Associated with 0,1
o C;— Associated with dnt),
o C,— Associated with dpt)e
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Linear System

ddLPB Derivation

e Using the global strategy

Ao|lxk]  |o Xk Go +Fo
0 B || XKk | C XK1 Fo
where

o k— Iteration
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Linear System

ddLPB Derivation

e Using the global strategy

Ao|lxk]  |o Xkt Go +Fo
0 B || XKk | C XK1 Fo
where

o k— Iteration
e A, B are sparse
e Cy,C, are not sparse
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Computation of Forces

Computation of Forces

e Energy for LPB equations!

1 1Y
Es =5 (Urpm) =5 ) (X. Q).
j=1
where,
Qe = . ,
0 ifM<j<2M.
and

X,Q); = Z[ Jie [Qlje -
¢

1 Fogolari, Brigo, Molinari: JMR 15, 2002
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Computation of Forces

Computation of Forces

e Force with respect to A

=VME) =

(v'x.Q)

N | —

((vx.@)+ (. v'q)) =

N | —
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Computation of Forces

Computation of Forces

e Force with respect to A

=VME) =

(v'x.Q)

N | —

((vx.@)+ (. v'q)) =

N | —

e LX = g be the ddLPB system

VAX +LVX = Vg
VX — L*‘<V’\g—V’\L )
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Computation of Forces

Computation of Forces

e Force with respect to A

=VME) =

(v'x.Q)

N | —

((vx.@)+ (. v'q)) =

N | —

e LX = g be the ddLPB system

VAX +LVX = Vg
VX — L*‘<V’\g—V’\L )

e Substituting V*
- (P5-vr).q
(#5700,

(Vg = VLX) X))

I
N =N =N —
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Numerical Studies

Numerical Studies

e Accuracy of the Discretisation

1 Mikhalev,Nottoli, Stamm: JCP : 157(11),114103 , 2022
2Jurrus et. al. : Protein Sci. 27 (1), 112-128, 2018
3Geng,Kransy: JCP, 247, 62-78, 2013
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Numerical Studies

Numerical Studies

e Accuracy of the Discretisation
o vs Finite Difference

1 Mikhalev,Nottoli, Stamm: JCP : 157(11),114103 , 2022
2Jurrus et. al. : Protein Sci. 27 (1), 112-128, 2018
3Geng,Kransy: JCP, 247, 62-78, 2013
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o Scaling of ddLPB

o Comparison with other software?2-3

1Mikhalev,Not—toIi, Stamm: JCP: 157(11),114103, 2022
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e Test Structures?

Numerical Studies

‘ PDB Code M Name ‘
lay3 25 Nodularin
letn 180 Enterotoxin
1du9 380 Scorpion toxin
1d3w 2049 Ferredoxin
1jvu 3964  Ribonuclease A
1qgjt 9046  EH1 domain
1a3n 10087 Human haemoglobin
1ju2 20260 Hydroxynitrile lyase

2Berman et. al. : NAR 28, 235-242, 2000
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° vs Finite Difference
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e Relative error of the Energy
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e Absolute error of the Energy

Numerical Studies Conclusions and Outlook
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e Maximum Absolute error of the Forces
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e Time and Memory for one ddLPB calculation

104
] —e— RHS
103 { —e— Primal
1 —e— Adjoint
102 3 Force
0 . ] Init
S ]
100 E
1071 —— onthefly
' ==="incore
1072 T T T
102 103 104
N atoms

Abhinav Jha
Overview of ddLPB method, 8" December 2022

<NMH

Universitat Stuttgart H




Numerical Studies

Numerical Studies

e Comparison with other Software
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e Conclusions?

o Formulation of domain decomposition method for LPB
equation?

o Derivation of analytical forces for the ddLPB numerical
method using the adjoint method

o Implementation of the energy and forces validated by
numerical simulation3

o Current implementation scales linearly with number of atoms

e Outlook

o Extending to non-linear PB equation
o Considering different surfacing of the molecules

1JA,Not'toIi, Mikhalev,Quan, Stamm: arXiv : 2203.00552 , 2022
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